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Abstract
In this article, we study the axial-vector mesons Zb(10610) and Zb(10650) with the Cγµ−
Cγ5 type and Cγµ−Cγν type interpolating currents respectively by carrying out the operator
product expansion to the vacuum condensates up to dimension-10. In calculations, we explore
the energy scale dependence of the QCD spectral densities of the hidden bottom tetraquark
states in details for the first time, and suggest a formula µ =
√
M2X/Y/Z − (2Mb)
2 with the
effective mass Mb = 5.13GeV to determine the energy scales. The numerical results favor
assigning the Zb(10610) and Zb(10650) as the Cγµ − Cγ5 type and Cγµ − Cγν type hidden
bottom tetraquark states, respectively. We obtain the mass of the JPC = 1++ hidden bottom
tetraquark state as a byproduct, which can be compared to the experimental data in the
futures. Furthermore, we study the strong decays Z±b (10610) → Υpi
± , ηbρ
± with the three-
point QCD sum rules, the decay widths also support assigning the Zb(10610) as the Cγµ−Cγ5
type hidden bottom tetraquark state.
PACS number: 12.39.Mk, 12.38.Lg
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1 Introduction
In 2011, the Belle collaboration reported the first observation of the Zb(10610) and Zb(10650) in
the π±Υ(1, 2, 3S) and π±hb(1, 2P) invariant mass distributions that were produced in association
with a single charged pion in Υ(5S) decays [1]. The measured masses and widths are MZb(10610) =
(10608.4± 2.0) MeV,MZb(10650) = (10653.2± 1.5) MeV, ΓZb(10610) = (15.6± 2.5) MeV and ΓZb(10650) =
(14.4± 3.2) MeV, respectively. The quantum numbers IG(JP ) = 1+(1+) are favored [1]. Later,
the Belle collaboration updated the measured parameters MZb(10610) = (10607.2 ± 2.0)MeV,
MZb(10650) = (10652.2±1.5)MeV, ΓZb(10610) = (18.4±2.4)MeV and ΓZb(10650) = (11.5±2.2)MeV
[2]. In 2013, the Belle collaboration observed the Υ(5S) → Υ(1, 2, 3S)π0π0 decays for the first
time, and obtained the neutral partner of the Z±b (10610), the Z
0
b (10610), in a Dalitz analysis
of the decays to Υ(2, 3S)π0 [3]. There have been several tentative assignments of the Zb(10610)
and Zb(10650), such as the molecular states [4], tetraquark states [5, 6], threshold cusps [7], the
re-scattering effects [8], etc.
In 2013, the BESIII collaboration observed the Z±c (3900) in the π
±J/ψ mass spectrum in
the process e+e− → π+π−J/ψ [9], then the Z±c (3900) was confirmed by the Belle and CLEO
collaborations [10, 11]. Later, the BESIII collaboration observed the Z±c (4025) near the (D
∗D¯∗)±
threshold in the π∓ recoil mass spectrum in the process e+e− → (D∗D¯∗)±π∓ [12]. Furthermore,
the BESIII collaboration observed the Z±c (4020) in the π
±hc mass spectrum in the process e
+e− →
π+π−hc [13]. The Zb(10610), Zb(10650), Zc(3900) and Zc(4020) are observed in the analogous
decays to the final states π±Υ(1, 2, 3S), π±hb(1, 2P), π
±J/ψ, π±hc, and should have analogous
structures.
In Refs.[14, 15, 16], we distinguish the charge conjugations of the interpolating currents, cal-
culate the vacuum condensates up to dimension-10 in the operator product expansion, study
the diquark-antidiquark type scalar, vector, axial-vector and tensor hidden charmed tetraquark
states in a systematic way with the QCD sum rules, make reasonable assignments of the X(3872),
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Zc(3900), Zc(3885), Zc(4020), Zc(4025), Z(4050), Z(4250), Y (4360), Y (4630) and Y (4660). Fur-
thermore, we explore the energy scale dependence of the hidden charmed tetraquark states in
details for the first time, and suggest a formula,
µ =
√
M2X/Y/Z − (2Mc)2 , (1)
with the effective massMc = 1.8GeV to determine the energy scales of the QCD spectral densities.
The numerical results favor assigning the X(3872) and Zc(3900) (or Zc(3885)) as the 1
++ and 1+−
diquark-antidiquark type tetraquark states, respectively, and assigning the Zc(4020) and Zc(4025)
as the JPC = 1+− or 2++ diquark-antidiquark type tetraquark states.
The diquarks have five Dirac tensor structures, scalar Cγ5, pseudoscalar C, vector Cγµγ5,
axial vector Cγµ and tensor Cσµν . In Ref.[17], we study the Cγ5 − Cγµ type axial-vector hidden
charmed and hidden bottom tetraquark states with the QCD sum rules, obtain the ground state
mass Mbb¯ud¯ = (11.27 ± 0.20)GeV, where the charge conjugations are not distinguished, the MS
quark mass mb(µ = 1GeV) = (4.8± 0.1)GeV is chosen. The energy scale µ = 1GeV is somewhat
too small. The predictions Mbb¯ud¯ −MZb(10610) = (0.66 ± 0.20)GeV and Mbb¯ud¯ − MZb(10650) =
(0.62 ± 0.20)GeV disfavor assigning the Zb(10610) and Zb(10650) as the axial-vector tetraquark
states. In Ref.[6], Cui, Liu and Huang distinguish the charge conjugations, study the Cγ5 − Cγµ
and ǫµναβ (Cγν − ∂α − Cγβ) type axial-vector hidden bottom tetraquark states with the QCD sum
rules by carrying out the operator product expansion up to the vacuum condensates of dimension
6. Their predictions favor assigning the Zb(10610) and Zb(10650) as the axial-vector tetraquark
states. However, the energy scales of the QCD spectral densities are not shown or not specified [6].
In Ref.[6] ([17]) higher (some higher) dimension vacuum condensates are neglected. There appear
terms of the orders O ( 1T 2 ), O ( 1T 4 ), O ( 1T 6 ) in the QCD spectral densities, if we take into account
the vacuum condensates whose dimensions are larger than 6. The terms associate with 1T 2 ,
1
T 4 ,
1
T 6
in the QCD spectral densities manifest themselves at small values of the Borel parameter T 2, we
have to choose large values of the T 2 to warrant convergence of the operator product expansion
and appearance of the Borel platforms. In the Borel windows, the higher dimension vacuum
condensates play a less important role. In summary, the higher dimension vacuum condensates
play an important role in determining the Borel windows therefore the ground state masses and
pole residues, so we should take them into account consistently.
In this article, we extend our previous works in Refs.[14, 15, 16] to study the Cγµ − Cγ5 type
and Cγµ − Cγν type axial-vector tetraquark states by calculating the vacuum condensates up to
dimension-10 in a systematic way, make reasonable assignments of the Zb(10610) and Zb(10650)
based on the QCD sum rules. Furthermore, we extend the energy scale formula to study the hidden
bottom diquark-antidiquark systems,
µ =
√
M2X/Y/Z − (2Mb)2 , (2)
and make efforts to explore the energy scale dependence in details for the first time, and try to fit
the effective mass Mb.
The article is arranged as follows: we derive the QCD sum rules for the masses and pole residues
of the axial-vector tetraquark states in section 2; in section 3, we present the numerical results and
discussions; in section 4, we study the strong decays Z±b (10610)→ Υπ±, ηbρ± with the three-point
QCD sum rules; section 5 is reserved for our conclusion.
2
2 QCD sum rules for the JPC = 1+± tetraquark states
In the following, we write down the two-point correlation functions Πµν(p) and Πµναβ(p) in the
QCD sum rules,
Πµν(p) = i
∫
d4xeip·x〈0|T {Jµ(x)J†ν (0)} |0〉 , (3)
Πµναβ(p) = i
∫
d4xeip·x〈0|T
{
Jµν(x)J
†
αβ(0)
}
|0〉 , (4)
Jµ(x) =
ǫijkǫimn√
2
{
uj(x)Cγ5b
k(x)d¯m(x)γµCb¯
n(x) + tuj(x)Cγµb
k(x)d¯m(x)γ5Cb¯
n(x)
}
, (5)
Jµν(x) =
ǫijkǫimn√
2
{
uj(x)Cγµb
k(x)d¯m(x)γνCb¯
n(x)− uj(x)Cγνbk(x)d¯m(x)γµCb¯n(x)
}
, (6)
the i, j, k, m, n are color indexes, and the C is the charge conjugation matrix. Under charge
conjugation transform Ĉ, the currents Jµ(x) and Jµν(x) have the properties,
ĈJµ(x)Ĉ
−1 = ±Jµ(x) |u↔d for t = ±1 ,
ĈJµν(x)Ĉ
−1 = −Jµν(x) |u↔d , (7)
t = ±1 correspond to the positive and negative charge conjugations, respectively. We choose the
Cγµ−Cγ5 type (type I) currents Jµ(x) to interpolate the tetraquark state Zb(10610) with JPC =
1+− and its charge conjugation partner with JPC = 1++. Furthermore, we choose the Cγµ −Cγν
type (type II) current Jµν(x) to interpolate the tetraquark state Zb(10650) with J
PC = 1+−. In
Refs.[14, 16], we observe that the type II axial-vector hidden-charmed tetraquark states have larger
masses than that of the type I. We expect that the type II axial-vector hidden-bottom tetraquark
states also have larger masses than that of the type I. There are other routines to construct the
axial-vector currents [18].
We can insert a complete set of intermediate hadronic states with the same quantum numbers
as the current operators Jµ(x) and Jµν(x) into the correlation functions Πµν(p) and Πµναβ(p) to
obtain the hadronic representation [19, 20]. After isolating the ground state contributions from
the axial-vector (and vector) tetraquark states, we get the following results,
Πµν(p) = Π
I(p)
(
−gµν + pµpν
p2
)
+Π0(p)
pµpν
p2
,
=
λ2Z
M2Z − p2
(
−gµν + pµpν
p2
)
+ · · · , (8)
Πµναβ(p) = Π
II(p) (−gµαpνpβ − gνβpµpα + gµβpνpα + gναpµpβ) +
Π−(p)
(
p2gµαgνβ − p2gµβgνα − gµαpνpβ − gνβpµpα + gµβpνpα + gναpµpβ
)
,
=
λ2Z
M2Z − p2
(−gµαpνpβ − gνβpµpα + gµβpνpα + gναpµpβ) +
λ2Z′
M2Z′ − p2
(
p2gµαgνβ − p2gµβgνα − gµαpνpβ − gνβpµpα + gµβpνpα + gναpµpβ
)
+ · · · , (9)
where the spin-0 component Π0(p) and the spin-1 component Π−(p) are irrelevant in the present
analysis [21], the pole residues λZ (λZ′) are defined by
〈0|Jµ(0)|Z(p)〉 = λZ εµ ,
〈0|Jµν(0)|Z(p)〉 = λZ (εµpν − ενpµ) ,
〈0|Jµν(0)|Z ′(p)〉 = λZ′ǫµναβεαpβ , (10)
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the εµ are the polarization vectors of the axial-vector (and vector) tetraquark states. The current
Jµν has non-vanishing couplings both to the J
PC = 1+− tetraquark state Z and the JPC = 1−−
tetraquark state Z ′. In Refs.[15, 16], we observe that the energy gaps between the vector and
axial-vector hidden charmed tetraquark states are about 0.65GeV based on the QCD sum rules.
So we expect that the energy gaps between the vector and axial-vector hidden bottom tetraquark
states are also about 0.65GeV, the vector tetraquark state Z ′ has no contamination.
The current-meson (or baryon) duality is a basic assumption of the QCD sum rules, the cur-
rent couples potentially to a special hadron. The two-point QCD sum rules can neither prove nor
disprove the existence of the special hadron strictly, but can give reasonable mass and pole residue
to be confronted with the experimental data. Furthermore, we can take the pole residue as basic
input parameter to study the relevant processes with the three-point QCD sum rules, the predic-
tions can also be confronted with the experimental data and shed light on the nature of the special
hadron. In the present case, the predicted masses maybe favor or disfavor assigning the Zb(10610)
and Zb(10650) as the axial-vector tetraquark states, while the predicted hadronic coupling con-
stants therefore the decay widths serve as additional constraints in assigning the Zb(10610) and
Zb(10650).
We carry out the operator product expansion up to the vacuum condensates of dimension-10,
then obtain the QCD spectral densities through dispersion relation, take the quark-hadron duality
below the thresholds s0, and perform Borel transform with respect to the variable P
2 = −p2 to
obtain the QCD sum rules:
λ2Z e
−
M2
Z
T2 =
∫ s0
4m2
b
ds ρ(s) e−
s
T2 , (11)
where
ρ(s) = ρ0(s) + ρ3(s) + ρ4(s) + ρ5(s) + ρ6(s) + ρ7(s) + ρ8(s) + ρ10(s) , (12)
the subscripts 0, 3, 4, 5, 6, 7, 8, 10 denote the dimensions of the vacuum condensates, the explicit
expressions are presented in the Appendix. One can consult Refs.[14, 16] for the technical details.
Differentiate Eq.(11) with respect to 1T 2 , then eliminate the pole residues λZ , we obtain the
QCD sum rules for the masses of the axial-vector hidden bottom tetraquark states,
M2Z =
∫ s0
4m2
b
ds dd(−1/T 2)ρ(s)e
− s
T2∫ s0
4m2
b
dsρ(s)e−
s
T2
. (13)
3 Numerical results and discussions
In this article, we study the energy scale dependence of the QCD spectral densities of the hidden
bottom tetraquark states in details for the first time and search for the ideal energy scales µ of the
QCD spectral densities.
The initial input parameters are taken to be the standard values 〈q¯q〉 = −(0.24± 0.01GeV)3,
〈q¯gsσGq〉 = m20〈q¯q〉, m20 = (0.8± 0.1)GeV2, 〈αsGGpi 〉 = (0.33GeV)4 at the energy scale µ = 1GeV
from the QCD sum rules [19, 20, 22, 23], and mb(mb) = (4.18± 0.03)GeV from the Particle Data
Group [24]. We take into account the energy-scale dependence of the quark condensate, mixed
4
quark condensate and MS mass from the renormalization group equation,
〈q¯q〉(µ) = 〈q¯q〉(Q)
[
αs(Q)
αs(µ)
] 4
9
,
〈q¯gsσGq〉(µ) = 〈q¯gsσGq〉(Q)
[
αs(Q)
αs(µ)
] 2
27
,
mb(µ) = mb(mb)
[
αs(µ)
αs(mb)
] 12
23
,
αs(µ) =
1
b0t
[
1− b1
b20
log t
t
+
b21(log
2 t− log t− 1) + b0b2
b40t
2
]
, (14)
where t = log µ
2
Λ2 , b0 =
33−2nf
12pi , b1 =
153−19nf
24pi2 , b2 =
2857− 5033
9
nf+
325
27
n2f
128pi3 , Λ = 213MeV, 296MeV
and 339MeV for the flavors nf = 5, 4 and 3, respectively [24].
In QCD, the perturbative quark propagator in the momentum space can be written as
S(p) =
i
6p−m0 − Σ(6p,m0) , (15)
where the m0 is the bare mass and the Σ(6 p,m0) is the self-energy comes from the one-particle
irreducible Feynman diagrams. The renormalized mass mr is defined as m
0 = mr + δm. It is
convenient to choose the MS renormalization scheme by using the counterterm δm to absorb the
ultraviolet divergences of the form [1/ǫ+ log 4π − γE ]L, L = 1, 2, · · · , then the mr is theMS mass.
On the other hand, we can also define the pole mass by the setting 6p−m0−Σ(6p,m0) = 0 with the
on-shell mass 6p = m. The pole mass and theMS mass have the relation m−mr = δm+Σ(m,m0).
In QED, the electron mass is a directly observable quantity, the pole mass is the physical mass
and it is more convenient to choose the pole mass. While in QCD, the quark mass is not a
directly observable quantity, we have two choices (choosingMS mass or pole mass) in perturbative
calculations. However, the pole mass mb = (4.78± 0.06)GeV [24] leads to much smaller integral
range
∫ s0
4m2
b
of ds in the present case, which does not warrant reasonable QCD sum rules; the pole
mass is not preferred. If the perturbative corrections are neglected, we can also choose other values
besides the MS mass and pole mass, the mass is just a parameter.
In this article, we neglect the perturbative O(αs) corrections to the QCD spectral densities,
nevertheless the terms g2s〈q¯q〉2 appear; we prefer theMS mass. The four-quark condensate g2s〈q¯q〉2
comes from the terms 〈q¯γµtaqgsDηGaλτ 〉, 〈q¯jD†µD†νD†αqi〉 and 〈q¯jDµDνDαqi〉, rather than comes
from the perturbative corrections of 〈q¯q〉2 [14]. The αs(µ) = g
2
s(µ)
4pi is characterized by the energy
scale µ, and originates from the renormalization of the SU(3) color gauge theory. Furthermore,
the condensates 〈q¯q〉 and 〈q¯gsσGq〉 are scale dependent. It is convenient to choose the MS mass,
the QCD spectral densities evolve with the energy scale µ consistently. The present calculations
are directly applicable when the perturbative corrections are available in the futures.
In the two-point QCD sum rules for the heavy-light pseudoscalar mesons, neglecting the per-
turbative O(αs) corrections to the QCD spectral densities can reproduce the experimental values
of the masses but cannot reproduce the experimental values of the decay constants [25]. For the
tetraquark states, it is more reasonable to refer to the λX/Y/Z as the pole residues (not the decay
constants). We cannot obtain the true values of the pole residues λX/Y/Z by measuring the leptonic
decays as in the cases of the Ds(D) and J/ψ(Υ), Ds(D) → ℓν and J/ψ(Υ)→ e+e−, and have to
calculate the λX/Y/Z using some theoretical methods. It is hard to obtain the true values. In this
article, we focus on the masses to study the tetraquark states, and the unknown contributions of
the perturbative corrections to the pole residues are canceled out efficiently when we calculate the
hadronic coupling constants (or form-factors) with the three-point QCD sum rules, see Eqs.(34-35).
Neglecting perturbative O(αs) corrections cannot impair the predictive ability qualitatively.
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The bottomonium states have the masses MΥ = (9460.30 ± 0.26)MeV, MΥ′ = (10023.26 ±
0.31)MeV, Mηb = (9398.0 ± 3.2)MeV, Mη′b =
(
9999.0± 3.5+2.8−1.9
)
MeV from the Particle Data
Group [24]; the energy gaps between the ground states and first radial excited states are about
(0.55− 0.60)GeV. In the scenario of tetraquark states, the Z(4430) is tentatively assigned to be
the first radial excitation of the Zc(3900) according to the analogous decays, Zc(3900)
± = J/ψπ±,
Z(4430)± = ψ′π±, and the mass differences MZ(4430) −MZc(3900) = 576MeV, Mψ′ − MJ/ψ =
589MeV [26]; the energy gaps between the ground states and first radial excited states are about
(0.50−0.60)GeV. We can estimate that the energy gaps between the ground states and first radial
excited states are about (0.40− 0.60)GeV for the hidden bottom tetraquark states based on the
heavy quark symmetry. In this article, we take the threshold parameters as s0 = (124±2)GeV2 and
(125± 2)GeV2 for the type I and type II tetraquark states, respectively, then √s0 −MZb(10610) =
(0.4−0.6)GeV and √s0−MZb(10650) = (0.4−0.6)GeV, it is reasonable in the QCD sum rules. We
can also choose larger continuum threshold parameters, but the contaminations from the higher
resonances or continuum states are expected to included in. On the other hand, the current Jµν
has non-vanishing couplings both to the JPC = 1+− tetraquark state Z and the JPC = 1−−
tetraquark state Z ′, larger continuum threshold parameters maybe result in contamination from
the vector tetraquark state Z ′.
In Ref.[14, 15, 16], we study the energy scale dependence of the QCD spectral densities of the
hidden charmed tetraquark states in details for the first time, suggest a formula to estimate the
energy scales of the QCD spectral densities in the QCD sum rules, µ =
√
M2X/Y/Z − (2Mc)2, with
the effective c-quark mass Mc = 1.8GeV. The heavy tetraquark system could be described by a
double-well potential with two light quarks q′q¯ lying in the two wells respectively. In the heavy
quark limit, the c (and b) quark can be taken as a static well potential, which binds the light
quark q′ to form a diquark in the color antitriplet channel or binds the light antiquark q¯ to form
a meson in the color singlet channel (or a meson-like state in the color octet channel). Then the
heavy tetraquark states are characterized by the effective heavy quark masses MQ (or constituent
quark masses) and the virtuality V =
√
M2X/Y/Z − (2MQ)2 (or bound energy not as robust). It
is natural to take the energy scale µ = V . The energy scale formula works well for the hidden
charmed tetraquark states, we extend the formula to study the energy scales of the QCD spectral
densities of the hidden bottom tetraquark states.
In Fig.1, the masses are plotted with variations of the Borel parameters T 2 and energy scales
µ for the threshold parameters s0 = 124GeV
2 and s0 = 125GeV
2 in the cases of the type I
and type II tetraquark states, respectively. From the figure, we can see that the masses decrease
monotonously with increase of the energy scales, just like that of the hidden charmed tetraquark
states [14, 15, 16]. The energy scale µ = 2.7GeV is the optimal energy scale to reproduce the
experimental value MZb(10610) = 10.61GeV, then we can fit the parameter Mb = 5.13GeV. The
resulting energy scale µ =
√
M2Zb(10650) − (2× 5.13GeV)2 = 2.85GeV is the optimal energy scale
to reproduce the experimental data MZb(10650) = 10.65GeV approximately. The energy scales
µ = (2.8 − 2.9)GeV are the allowed energy scales for the Zb(10650), see Fig.1; the uncertainty of
the energy scale µ is about 0.05GeV. In this article, we take δµ = 0.05GeV for all the hidden
bottom tetraquark states. The energy scale formula µ =
√
M2X/Y/Z − (2MQ)2 works well, it also
works well for the heavy molecular states [27], the results will be presented elsewhere.
In Fig.2, the contributions of different terms in the operator product expansion are plotted
with variations of the Borel parameters T 2 for the parameters s0 = 124GeV
2, µ = 2.70GeV and
s0 = 125GeV
2, µ = 2.85GeV in the cases of the type I and type II tetraquark states, respectively.
If we take the values T 2 = (7 − 8)GeV2, the convergent behavior is very good. In Fig.3, the
contributions of the pole terms are plotted with variations of the threshold parameters s0 and
Borel parameters T 2 at the energy scales µ = 2.70GeV and µ = 2.85GeV for the type I and
type II tetraquark states, respectively. The values T 2 = (7 − 8)GeV2 also lead to analogous pole
contributions (50 − 70)%. The pole dominance condition is also well satisfied. In Fig.3, the pole
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Figure 1: The masses with variations of the Borel parameters T 2 and energy scales µ, where
the horizontal lines denote the experimental values, the Z(10610,+) denotes the positive charge
conjugation partner of the Zb(10610).
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Figure 2: The contributions of different terms in the operator product expansion with variations
of the Borel parameters T 2, where the 0, 3, 4, 5, 6, 7, 8, 10 denote the dimensions of the vacuum
condensates, the Z(10610,+) denotes the positive charge conjugation partner of the Zb(10610).
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Figure 3: The pole contributions with variations of the Borel parameters T 2 and threshold
parameters s0, where the A, B, C, D, E, F denote the threshold parameters s0 = 120, 122,
124, 126, 128, 130GeV2 respectively for the type I tetraquark states; s0 = 121, 123, 125, 127,
129, 131GeV2 respectively for the type II tetraquark states; the Z(10610,+) denotes the positive
charge conjugation partner of the Zb(10610).
contributions are defined by
pole =
∫ s0
4m2
b
ds ρ(s) exp
(− sT 2 )∫∞
4m2
b
ds ρ(s) exp
(− sT 2 ) . (16)
We take into account all uncertainties of the input parameters (including the vacuum con-
densates, the b-quark mass, the continuum threshold parameter, the energy scale and the Borel
parameter) and obtain the values of the masses and pole residues of the axial-vector hidden bottom
tetraquark states, which are shown explicitly in Figs.4-5 and Table 1. In this article, we calculate
the uncertainties δ with the formula,
δ =
√√√√∑
i
(
∂f
∂xi
)2
|xi=x¯i (xi − x¯i)2 , (17)
where the f denotes the masses and pole residues of the tetraquark states, the xi denote the
input parameters s0, T
2, µ, mb, 〈q¯q〉, 〈q¯gsσGq〉, · · · . As the partial derivatives ∂f∂xi are difficult
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JPC T 2(GeV2) s0(GeV
2) pole MZ(GeV) λZ
1++ 7− 8 124± 2 (49− 69)% 10.60+0.12−0.09 1.40+0.23−0.18 × 10−1GeV5
1+− (Zb(10610)) 7− 8 124± 2 (48− 68)% 10.61+0.13−0.09 1.42+0.24−0.19 × 10−1GeV5
1+− (Zb(10650)) 7− 8 125± 2 (50− 70)% 10.64+0.09−0.08 1.72+0.24−0.22 × 10−2GeV4
Table 1: The Borel parameters, continuum threshold parameters, pole contributions, masses and
pole residues of the axial-vector tetraquark states.
to carry out analytically, we take the approximation
(
∂f
∂xi
)2
(xi − x¯i)2 ≈ [f(x¯i ±∆xi)− f(x¯i)]2
in numerical calculations with xi = x¯i ±∆xi. From Table 1, we can see that the uncertainties of
the masses MZ are about 1%, while the uncertainties of the pole residues λZ are about 15%. We
obtain the squared masses M2Z through a fraction, see Eq.(13), the uncertainties in the numerator
and denominator which originate from a given input parameter (for example, 〈q¯q〉) cancel out with
each other, and result in small net uncertainty.
The present predictions MZb(10610) =
(
10.61+0.11−0.09
)
GeV and MZb(10650) =
(
10.64+0.08−0.08
)
GeV
are consistent with the experimental values MZb(10610) = (10607.2± 2.0) MeV and MZb(10650) =
(10652.2± 1.5) MeV [2]. The predicted masses favor assigning the Zb(10610) and Zb(10650) as
the 1+− type I and type II tetraquark states, respectively. There is no candidate experimen-
tally for the JPC = 1++ hidden bottom tetraquark states at the present time, the prediction
MZ =
(
10.60+0.11−0.09
)
GeV can be confronted with the experimental data in the future at the LHCb
and Belle-II. The C = + and C = − type I axial-vector hidden bottom tetraquark states have
degenerate masses from the QCD sum rules.
In the following, we perform Fierz re-arrangement to the axial-vector currents both in the color
and Dirac-spinor spaces to obtain the results,
Jµ1+− =
ǫijkǫimn√
2
{
ujCγ5b
kd¯mγµCb¯n − ujCγµbkd¯mγ5Cb¯n
}
,
=
1
2
√
2
{
ib¯iγ5b d¯γ
µu− ib¯γµb d¯iγ5u+ b¯u d¯γµγ5b− b¯γµγ5u d¯b
−ib¯γνγ5b d¯σµνu+ ib¯σµνb d¯γνγ5u− ib¯σµνγ5u d¯γνb+ ib¯γνu d¯σµνγ5b
}
, (18)
Jµν1+− =
ǫijkǫimn√
2
{
ujCγµbkd¯mγνCb¯n − ujCγνbkd¯mγµCb¯n} ,
=
1
2
√
2
{
id¯u b¯σµνb+ id¯σµνu b¯b+ id¯b b¯σµνu+ id¯σµνb b¯u
−b¯σµνγ5b d¯iγ5u− b¯iγ5b d¯σµνγ5u− b¯σµνγ5u d¯iγ5b− d¯iγ5b b¯σµνγ5u
+iǫµναβ b¯γαγ5b d¯γ
βu− iǫµναβ b¯γαb d¯γβγ5u
+iǫµναβ b¯γαγ5u d¯γ
βb− iǫµναβ b¯γαu d¯γβγ5b
}
, (19)
Jµ1++ =
ǫijkǫimn√
2
{
ujCγ5b
kd¯mγµCb¯n + ujCγµbkd¯mγ5Cb¯
n
}
,
=
1
2
√
2
{
b¯γµγ5b d¯u− b¯b d¯γµγ5u+ ib¯γµu d¯iγ5b− ib¯iγ5u d¯γµb
−ib¯γνb d¯σµνγ5u+ ib¯σµνγ5b d¯γνu− ib¯σµνu d¯γνγ5b+ ib¯γνγ5u d¯σµνb
}
, (20)
where we add the subscripts 1+− and 1++ to denote the JPC explicitly. Then we obtain the Okubo-
Zweig-Iizuka super-allowed strong decays by taking into account the couplings to the meson-meson
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pairs,
Z±b (10610)(1
+−) → hb(1P, 2P)π± , Υ(1S, 2S, 3S)π± , ηb(1S)ρ± , ηb(1S, 2S)(ππ)±P ,
Z±b (10650)(1
+−) → Υ(1S, 2S, 3S)π± , ηb(1S)ρ± , ηb(1S, 2S)(ππ)±P , χb1(1P, 2P)(ππ)±P , (BB¯∗)± ,
Z±b (10600)(1
++) → χb0(1P, 2P)π± , Υ(1S)ρ± , Υ(1S, 2S)(ππ)±P , (21)
where we use the (ππ)P to denote the P-wave ππ systems have the same quantum numbers of the
ρ, and take the decays to the (ππ)±P final states as Okubo-Zweig-Iizuka super-allowed according to
the decays ρ→ ππ. In this article, we denote the hidden bottom tetraquark states with the mass
10600MeV as the Zb(10600), see Table 1. We can search for the Z
±
b (10650)(1
+−) in the typical
decays,
Z±b (10650)(1
+−) → χb1(1P, 2P)(ππ)±P , (BB¯∗)± , (22)
which originate from the typical sub-structures of the Z±b (10650)(1
+−).
In the nonrelativistic and heavy quark limit, the components b¯σµνγ5u d¯γνb and ǫ
µναβ b¯γαγ5u d¯γ
βb
of the interpolating currents Jµ1+− and J
µν
1+− respectively are reduced to the following forms,
b¯σ0jγ5u d¯γjb ∝ ξ†bσjζu χ†d~σ · ~kdσjξb ∝ ξ†b
σj
2
ζu χ
†
d
σj
2
ξb = ~SB∗ · ~SB¯∗ ,
b¯σijγ5u d¯γjb ∝ ǫijkξ†bσk~σ · ~kuζu χ†d~σ · ~kdσjξb ∝ ǫijkξ†b
σk
2
ζu χ
†
d
σj
2
ξb = ~SB¯∗ × ~SB∗ ,
ǫijk b¯γjγ5u d¯γ
kb ∝ ǫijkξ†bσjζu χ†d~σ · ~kdσkξb ∝ ǫijkξ†b
σj
2
ζu χ
†
d
σk
2
ξb = ~SB1 × ~SB¯∗ ,
ǫijk b¯γ0γ5u d¯γ
kb ∝ ǫijkξ†b~σ · ~kuζu χ†d~σ · ~kdσkξb ∝ ǫijkξ†bζu χ†d
σk
2
ξb = ǫ
ijkSkB¯∗ , (23)
where the ξ, ζ, χ are the two-component spinors of the quark fields, the ~k are the three-vectors of
the quark fields, the σi are the pauli matrixes, and the ~S are the spin operators. The thresholds
are B∗B¯∗ = 10650MeV, BB¯∗ = 10605MeV, B0B¯
∗ ≈ B1B¯∗ = 11049MeV [24]. It is obvious that
the currents b¯σµνγ5u d¯γνb and b¯γνu d¯σ
µνγ5b (ǫ
µναβ b¯γαγ5u d¯γ
βb and ǫµναβ b¯γαu d¯γβγ5b) couple to
the JP = 0+ and 1+ (B∗B¯∗)+ (JP = 1+ (B∗1 B¯
∗)+ and (B∗0B¯
∗)+) states. The strong decays
Z±b (10610)(1
+−) → (B∗B¯∗)± ,
Z±b (10650)(1
+−) → (B1B¯∗)± , (24)
are Okubo-Zweig-Iizuka super-allowed but kinematically forbidden. The Z±b (10610) and Z
±
b (10650)
have the same quantum numbers and analogous strong decays but different masses and quark con-
figurations.
Now we list out the possible strong decays of the Z±b (10610), Z
±
b (10650) and Z
±
b (10600),
Z±b (10610)(1
+−) → hb(1P, 2P)π± , Υ(1S, 2S, 3S)π± , ηb(1S)ρ± , ηb(1S, 2S)(ππ)±P ,
χb1(1P, 2P)(ππ)
±
P ,
Z±b (10650)(1
+−) → hb(1P, 2P)π± , Υ(1S, 2S, 3S)π± , ηb(1S)ρ± , ηb(1S, 2S)(ππ)±P ,
χb1(1P, 2P)(ππ)
±
P , (BB¯
∗)± , (B∗B¯∗)± ,
Z±b (10600)(1
++) → χb0(1P, 2P)π± , χb1(1P, 2P)π± , Υ(1S)ρ± , Υ(1S, 2S)(ππ)±P . (25)
The following strong decays take place through the re-scattering mechanism,
Z±b (10610)(1
+−) → χb1(1P, 2P)(ππ)±P ,
Z±b (10650)(1
+−) → hb(1P, 2P)π± , (B∗B¯∗)± ,
Z±b (10600)(1
++) → χb1(1P, 2P)π± , (26)
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Figure 4: The masses with variations of the Borel parameters T 2, where the horizontal lines
denote the experimental values, the Z(10610,+) denotes the positive charge conjugation partner
of the Zb(10610).
and cannot be the dominant decay modes.
We can also search for the neutral partner Z0b (10610/10650)(1
+−) in the following strong and
electromagnetic decays,
Z0b (10610/10650)(1
+−) → hc(1P, 2P)π0 , Υ(1S, 2S, 3S)π0 , ηb(1S)ρ0 , ηb(1S)ω , ηb(1S, 2S)(ππ)0P ,
χbj(1P, 2P)(ππ)
0
P , ηb(1S, 2S)(πππ)
0
P , χbj(1P)(πππ)
0
P , ηb(1S, 2S)γ ,
χbj(1P, 2P)γ , (BB¯
∗)0 , (27)
where the (πππ)P denotes the P-wave πππ systems with the same quantum numbers of the ω.
The diquark-antidiquark type current with special quantum numbers couples to a special
tetraquark state, while the current can be re-arranged both in the color and Dirac-spinor spaces,
and changed to a current as a special superposition of color singlet-singlet type currents. The
color singlet-singlet type currents couple to the meson-meson pairs. The diquark-antidiquark type
tetraquark state can be taken as a special superposition of a series of meson-meson pairs, and em-
bodies the net effects. The decays to its components (meson-meson pairs) are Okubo-Zweig-Iizuka
super-allowed, but the re-arrangements in the color-space are non-trivial [28].
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Figure 5: The pole residues with variations of the Borel parameters T 2, where the Z(10610,+)
denotes the positive charge conjugation partner of the Zb(10610).
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4 Strong decays Z±b (10610)→ Υpi±, ηbρ±
The pole residues λZb can be taken as basic input parameters to study relevant processes of the
axial-vector tetraquark states Z±b (10610), Z
±
b (10650) and Z
±
b (10600) with the three-point QCD
sum rules. For example, we can study the strong decays Z±b (10610) → Υπ± and ηbρ± with the
following three-point correlation functions Π1µ,ν(p, q) and Π
2
µ,ν(p, q), respectively,
Π1µ,ν(p, q) = i
2
∫
d4xd4yeipxeiqy〈0|T {JΥµ (x)Jpi5 (y)Jν,1+−(0)} |0〉 ,
Π2µ,ν(p, q) = i
2
∫
d4xd4yeipxeiqy〈0|T {Jηb5 (x)Jρµ(y)Jν,1+−(0)} |0〉 , (28)
where the currents
JΥµ (x) = b¯(x)γµb(x) ,
Jρµ(y) = u¯(y)γµd(y) ,
Jηb5 (x) = b¯(x)iγ5b(x) ,
Jpi5 (y) = u¯(y)iγ5d(y) , (29)
interpolate the mesons Υ, ρ, ηb, π, respectively.
We insert a complete set of intermediate hadronic states with the same quantum numbers
as the current operators into the three-point correlation functions and isolate the ground state
contributions to obtain the following results,
Π1µ,ν(p, q) =
fpiM
2
pifΥMΥλZbGZbΥpi
mu +md
−i
(M2Zb − p′2)(M2Υ − p2)(M2pi − q2)
(
−gµα + pµpα
p2
)
(
−gαν +
p′νp
′α
p′2
)
+ · · · ,
Π2µ,ν(p, q) =
fηbM
2
ηbfρMρλZbGZbηbρ
2mb
−i
(M2Zb − p′2)(M2ηb − p2)(M2ρ − q2)
(
−gµα + qµqα
q2
)
(
−gαν +
p′νp
′α
p′2
)
+ · · · , (30)
where p′ = p + q, the fΥ, fηb , fρ and fpi are the decay constants of the mesons Υ, ηb, ρ and π,
respectively, the GZbΥpi and GZbηbρ are the hadronic coupling constants. In the following, we write
down the definitions,
〈0|JΥµ (0)|Υ(p)〉 = fΥMΥξµ ,
〈0|Jρµ(0)|ρ(q)〉 = fρMρεµ ,
〈0|Jηb5 (0)|ηb(p)〉 =
fηbM
2
ηb
2mb
,
〈0|Jpi5 (0)|π(q)〉 =
fpiM
2
pi
mu +md
,
〈Υ(p)π(q)|Zb(p′)〉 = ξ∗(p) · ζ(p′)GZbΥpi(q2) ,
〈ηb(p)ρ(q)|Zb(p′)〉 = ε∗(q) · ζ(p′)GZbηbρ(q2) , (31)
the ξ, ζ and ε are polarization vectors of the Υ, Zb and ρ, respectively. Now we choose the tensors
qµpν and pµqν to study the coupling constants GZbΥpi and GZbηbρ, respectively. We carry out the
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operator product expansion and take into account the color connected Feynman diagrams [28],
Π1µν(p, q) =
imb〈q¯gsσGq〉qµpν
48
√
2π2q2
∫ 1
0
dx
1
x(1 − x)p2 −m2b
+
ig2s〈q¯q〉2qµpν
81
√
2π2q2
∫ 1
0
dx
{
3
2 [x(1 − x)p2 −m2b ]
+
3x(1− x)m2b
2 [x(1 − x)p2 −m2b ]2
− 4x(1− x)
x(1− x)p2 −m2b
−
[
x2 + (1 − x)2]m2b
[x(1 − x)p2 −m2b ]
2
}
, (32)
Π2µν(p, q) = −
imb〈q¯gsσGq〉pµqν
48
√
2π2q2
∫ 1
0
dx
1
x(1 − x)p2 −m2b
− ig
2
s〈q¯q〉2pµqν
81
√
2π2q2
∫ 1
0
dx
{
3
2 [x(1 − x)p2 −m2b ]
+
3x(1− x)m2b
2 [x(1 − x)p2 −m2b ]
2
− 4x(1− x)
x(1− x)p2 −m2b
−
[
x2 + (1 − x)2]m2b
[x(1 − x)p2 −m2b ]2
}
. (33)
Then we take the Borel transform with respect to the variable P 2 = −p2 = −p′2 and obtain
the following QCD sum rules,
fpiM
2
pifΥMΥλZbGZbΥpi
(mu +md)M2Zb(M
2
Zb
−M2Υ)
{
exp
(
−M
2
Υ
T 2
)
− exp
(
−M
2
Zb
T 2
)}
+ C exp
(
− s0
T 2
)
=
mb〈q¯gsσGq〉
48
√
2π2
Q2 +M2pi
Q2
∫ 1
0
dx
1
x(1 − x) exp
(
− m
2
b
x(1 − x)T 2
)
+
g2s〈q¯q〉2
81
√
2π2
Q2 +M2pi
Q2
∫ 1
0
dx
{
3
2x(1 − x)
(
1− m
2
b
T 2
)
− 4
[
1−
(
1
x2
+
1
(1− x)2
)
m2b
4T 2
]}
exp
(
− m
2
b
x(1 − x)T 2
)
, (34)
fηbM
2
ηbfρMρλZbGZbηbρ
2mbM2Zb(M
2
Zb
−M2ηb)
{
exp
(
−M
2
ηb
T 2
)
− exp
(
−M
2
Zb
T 2
)}
+ C exp
(
− s0
T 2
)
= −mb〈q¯gsσGq〉
48
√
2π2
Q2 +M2ρ
Q2
∫ 1
0
dx
1
x(1 − x) exp
(
− m
2
b
x(1 − x)T 2
)
− g
2
s〈q¯q〉2
81
√
2π2
Q2 +M2ρ
Q2
∫ 1
0
dx
{
3
2x(1 − x)
(
1− m
2
b
T 2
)
− 4
[
1−
(
1
x2
+
1
(1− x)2
)
m2b
4T 2
]}
exp
(
− m
2
b
x(1 − x)T 2
)
, (35)
where the s0 is the continuum threshold parameter for the Zb(10610), and the C are unknown pa-
rameters introduced to take into account single-pole contributions associated with pole-continuum
transitions. In the three-point QCD sum rules, the single-pole contributions are not suppressed if
a single Borel transform is taken.
The input parameters are taken as Mpi = 0.140GeV, fpi = 0.130GeV, MΥ = 9.4603GeV,
Mηb = 9.398GeV, Mρ = 0.775GeV, fρ = 0.215GeV, fΥ = fηb = 0.700GeV [24, 29], and
mu(µ = 1GeV) = md(µ = 1GeV) = 0.006GeV from the Gell-Mann-Oakes-Renner relation. The
unknown parameters are chosen as C = 0.0014GeV6 and −0.0010GeV6 in the QCD sum rules for
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the coupling constants GZbΥpi and GZbηbρ respectively to obtain platforms in the Borel windows
T 2 = (7 − 8)GeV2. The central values of the GZbΥpi and GZbηbρ can be fitted to the following
forms,
|GZbΥpi(Q2)| = 3.53GeV ,
GZbηbρ(Q
2) =
1421.9GeV3
257.4GeV2 +Q2
, (36)
with Q2 = −q2. We extend the coupling constants to the physical regions and take into account
the uncertainties,
|GZbΥpi
(
Q2 = −M2pi
) | = 3.53+1.21−0.91GeV ,
GZbηbρ
(
Q2 = −M2ρ
)
= 5.54+1.82−1.42GeV . (37)
The resulting decay widths are
Γ(Z+b (10610)→ Υπ+) =
p (MZb ,MΥ,Mpi)
24πM2Zb
G2ZbΥpi
(
3 +
p (MZb ,MΥ,Mpi)
2
M2Υ
)
= 4.77+3.27−2.46MeV ,
Γ(Z+b (10610)→ ηbρ+) =
p (MZb ,Mηb ,Mρ)
24πM2Zb
G2Zbηbρ
(
3 +
p (MZb ,Mηb ,Mρ)
2
M2ρ
)
= 13.52+8.89−6.93MeV , (38)
where p(a, b, c) =
√
[a2−(b+c)2][a2−(b−c)2]
2a . Those widths are consistent with the experimental data
ΓZb(10610) = (18.4 ± 2.4)MeV from the Belle collaboration [2], the present calculations support
assigning the Zb(10610) as the 1
+− diquark-antidiquark type tetraquark state. We can search
for the Z±b (10610) in the final states ηbρ
±. The strong decays Z±b (10610)(1
+−) → hb(1P, 2P)π±
take place through relative P-wave, the decay widths Γ(Z±b (10610)(1
+−) → hb(1P, 2P)π±) ∝
p (MZb ,Mhb ,Mpi)
3
, and the decays are kinematically suppressed in the phase-space. Detailed
studies based on the QCD sum rules are postponed to our next work.
5 Conclusion
In this article, we study the axial-vector mesons Zb(10610) and Zb(10650) with the Cγµ − Cγ5
type and Cγµ−Cγν type interpolating currents respectively by carrying out the operator product
expansion to the vacuum condensates up to dimension-10. In calculations, we study the energy
scale dependence of the QCD spectral densities in details for the first time, and suggest a formula
µ =
√
M2X/Y/Z − (2Mb)2 with the effective mass Mb = 5.13GeV to determine the energy scales,
which works very well. The numerical results support assigning the Zb(10610) and Zb(10650) as
the Cγµ − Cγ5 type and Cγµ − Cγν type hidden bottom tetraquark states, respectively. The
Zb(10610), Zb(10650), Zc(3900) and Zc(4020) are observed in the analogous decays to the final
states π±Υ(1, 2, 3S), π±hb(1, 2P), π
±J/ψ, π±hc, and should have analogous structures. Further-
more, we obtain the mass of the Cγµ−Cγ5 type JPC = 1++ hidden bottom tetraquark state, which
can be confronted with the experimental data in the future at the LHCb and Belle-II. The pole
residues λZb can be taken as basic input parameters to study relevant processes of the axial-vector
tetraquark states Z±b (10610), Z
±
b (10650) and Z
±
b (10600) with the three-point QCD sum rules. We
study the strong decays Z±b (10610)→ Υπ± , ηbρ± with the three-point QCD sum rules, the decay
widths also support assigning the Zb(10610) as the Cγµ − Cγ5 type hidden bottom tetraquark
state.
16
Acknowledgements
This work is supported by National Natural Science Foundation, Grant Numbers 11375063, 11235005,
the Fundamental Research Funds for the Central Universities, and Natural Science Foundation of
Hebei province, Grant Number A2014502017.
Appendix
The spectral densities at the level of the quark-gluon degrees of freedom,
ρI0(s) =
1
3072π6
∫ yf
yi
dy
∫ 1−y
zi
dz yz(1− y − z)3 (s−m2b)2 (35s2 − 26sm2b + 3m2b) , (39)
ρI3(s) = −
mb〈q¯q〉
64π4
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z)(1− y − z) (s−m2b) (7s− 3m2b) , (40)
ρI4(s) = −
m2b
2304π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
z
y2
+
y
z2
)
(1 − y − z)3 {8s− 3m2b +m4bδ (s−m2b)}
+
1
1536π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz(y + z)(1− y − z)2 s (5s− 4m2b)
−t m
2
b
1152π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
s−m2b
){
1−
(
1
y
+
1
z
)
(1− y − z)
+
(1− y − z)2
2yz
− 1− y − z
2
+
(
1
y
+
1
z
)
(1− y − z)2
4
− (1− y − z)
3
12yz
}
, (41)
ρI5(s) =
mb〈q¯gsσGq〉
128π4
∫ yf
yi
dy
∫ 1−y
zi
dz(y + z)
(
5s− 3m2b
)
−mb〈q¯gsσGq〉
128π4
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z
+
z
y
)
(1 − y − z) (2s−m2b)
−tmb〈q¯gsσGq〉
1152π4
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z
+
z
y
)
(1 − y − z) (5s− 3m2b) , (42)
ρI6(s) =
m2b〈q¯q〉2
12π2
∫ yf
yi
dy +
g2s〈q¯q〉2
648π4
∫ yf
yi
dy
∫ 1−y
zi
dz yz
{
8s− 3m2b +m4bδ
(
s−m2b
)}
−g
2
s〈q¯q〉2
2592π4
∫ yf
yi
dy
∫ 1−y
zi
dz(1− y − z)
{(
z
y
+
y
z
)
3
(
7s− 4m2b
)
+
(
z
y2
+
y
z2
)
m2b
[
7 + 5m2bδ
(
s−m2b
)]− (y + z) (4s− 3m2b)}
−g
2
s〈q¯q〉2
3888π4
∫ yf
yi
dy
∫ 1−y
zi
dz(1− y − z)
{(
z
y
+
y
z
)
3
(
2s−m2b
)
+
(
z
y2
+
y
z2
)
m2b
[
1 +m2bδ
(
s−m2b
)]
+ (y + z)2
[
8s− 3m2b +m4bδ
(
s−m2b
)]}
,(43)
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ρI7(s) =
m3b〈q¯q〉
576π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z3
+
z
y3
+
1
y2
+
1
z2
)
(1− y − z)(
1 +
2m2b
T 2
)
δ
(
s−m2b
)
−mb〈q¯q〉
64π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z2
+
z
y2
)
(1− y − z)
{
1 +
2m2b
3
δ
(
s−m2b
)}
−mb〈q¯q〉
192π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
{
1 +
2m2b
3
δ
(
s−m2b
)}
−tmb〈q¯q〉
288π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
{
1−
(
1
y
+
1
z
)
1− y − z
2
}{
1 +
2m2b
3
δ
(
s−m2b
)}
−mb〈q¯q〉
384π2
〈αsGG
π
〉
∫ yf
yi
dy
{
1 +
2m˜2b
3
δ
(
s− m˜2b
)}
, (44)
ρI8(s) = −
m2b〈q¯q〉〈q¯gsσGq〉
24π2
∫ 1
0
dy
(
1 +
m˜2b
T 2
)
δ
(
s− m˜2b
)
+
m2b〈q¯q〉〈q¯gsσGq〉
96π2
∫ 1
0
dy
(
1
y
+
1
1− y
)
δ
(
s− m˜2b
)
+t
〈q¯q〉〈q¯gsσGq〉
288π2
∫ yf
yi
dy
{
1 +
2m˜2b
3
δ
(
s− m˜2b
)}
, (45)
ρI10(s) =
m2b〈q¯gsσGq〉2
192π2T 6
∫ 1
0
dym˜4bδ
(
s− m˜2b
)
−m
4
b〈q¯q〉2
216T 4
〈αsGG
π
〉
∫ 1
0
dy
{
1
y3
+
1
(1 − y)3
}
δ
(
s− m˜2b
)
+
m2b〈q¯q〉2
72T 2
〈αsGG
π
〉
∫ 1
0
dy
{
1
y2
+
1
(1 − y)2
}
δ
(
s− m˜2b
)
−t 〈q¯q〉
2
1296
〈αsGG
π
〉
∫ 1
0
dy
(
1 +
2m˜2b
T 2
)
δ
(
s− m˜2b
)
−m
2
b〈q¯gsσGq〉2
384π2T 4
∫ 1
0
dy
(
1
y
+
1
1− y
)
m˜2bδ
(
s− m˜2b
)
−t 〈q¯gsσGq〉
2
1728π2
∫ 1
0
dy
(
1 +
3m˜2b
2T 2
+
m˜4b
T 4
)
δ
(
s− m˜2b
)
−t 〈q¯gsσGq〉
2
2304π2
∫ 1
0
dy
(
1 +
2m˜2b
T 2
)
δ
(
s− m˜2b
)
+
m2b〈q¯q〉2
216T 6
〈αsGG
π
〉
∫ 1
0
dym˜4bδ
(
s− m˜2b
)
, (46)
ρII0 (s) =
1
3072π6s
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1− y − z)3 (s−m2b)2 (49s2 − 30sm2b +m4b)
+
1
3072π6s
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1 − y − z)2 (s−m2b)3 (3s+m2b) , (47)
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ρII3 (s) = −
mb〈q¯q〉
16π4
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z)(1− y − z) (s−m2b) , (48)
ρII4 (s) = −
m2b
2304π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
z
y2
+
y
z2
)
(1− y − z)3{
8s−m2b +
5m4b
3
δ
(
s−m2b
)}
− m
2
b
2304π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
z
y2
+
y
z2
)
(1− y − z)2m2b
− 1
9216π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z)2 (5s2 − 3m4b)
+
1
4608π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z) (s2 −m4b)
+
1
2304π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1 − y − z)2 (5s− 4m2b)
+
1
41472π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (1− y − z)3 (55s2 − 48sm2b + 3m4b)
+
1
6912π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1− y − z) (5s2 − 3m4b)
− 1
3456π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (1 − y − z)2 (s−m2b) (2s−m2b)
+
1
1728π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz yz
(
s−m2b
) (
2s−m2b
)
, (49)
ρII5 (s) =
mb〈q¯gsσGq〉
64π4
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z)
−mb〈q¯gsσGq〉
288π4
∫ yf
yi
dy
∫ 1−y
zi
dz (1− y − z) , (50)
ρII6 (s) =
g2s〈q¯q〉2
648π4s
∫ yf
yi
dy
∫ 1−y
zi
dz yz
{
8s−m2b +
5m4b
3
δ
(
s−m2b
)}
+
g2s〈q¯q〉2
1944π4s
∫ yf
yi
dy y(1− y) m˜2b
−g
2
s〈q¯q〉2
1296π4
∫ yf
yi
dy
∫ 1−y
zi
dz (1 − y − z)
{
3
(
z
y
+
y
z
)
+
(
z
y2
+
y
z2
)
m2bδ
(
s−m2b
)
+(y + z)
[
8 + 2m2bδ
(
s−m2b
)]}
− g
2
s〈q¯q〉2
11664π4s
∫ yf
yi
dy
∫ 1−y
zi
dz (1− y − z)
{
27
(
z
y
+
y
z
)
s+ 11
(
z
y2
+
y
z2
)
m2bm
2
bδ
(
s−m2b
)
+ (y + z)
[
6
(
8s−m2b
)
+ 10m4bδ
(
s−m2b
)]}
, (51)
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ρII7 (s) =
m3b〈q¯q〉
288π2T 2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z3
+
z
y3
+
1
y2
+
1
z2
)
(1− y − z)δ (s−m2b)
−mb〈q¯q〉
96π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z2
+
z
y2
)
(1− y − z)δ (s−m2b)
−mb〈q¯q〉
288π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dzδ
(
s−m2b
)
−mb〈q¯q〉
864π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
1− y
y
+
1− z
z
)
δ
(
s−m2b
)
−mb〈q¯q〉
576π2
〈αsGG
π
〉
∫ yf
yi
dyδ
(
s− m˜2b
)
, (52)
where the superscripts I and II denote the Cγ5 − Cγµ type and Cγµ − Cγν type tetraquark
states, respectively; yf =
1+
√
1−4m2
b
/s
2 , yi =
1−
√
1−4m2
b
/s
2 , zi =
ym2b
ys−m2
b
, m2b =
(y+z)m2b
yz , m˜
2
b =
m2b
y(1−y) ,
∫ yf
yi
dy → ∫ 10 dy, ∫ 1−yzi dz → ∫ 1−y0 dz when the δ functions δ (s−m2b) and δ (s− m˜2b)
appear. The condensates 〈αspi GG〉, 〈q¯q〉〈αspi GG〉, 〈q¯q〉2〈αspi GG〉, 〈q¯gsσGq〉2 and g2s〈q¯q〉2 are the
vacuum expectations of the operators of the order O(αs). The four-quark condensate g2s〈q¯q〉2
comes from the terms 〈q¯γµtaqgsDηGaλτ 〉, 〈q¯jD†µD†νD†αqi〉 and 〈q¯jDµDνDαqi〉, rather than comes
from the perturbative corrections of 〈q¯q〉2. The condensates 〈g3sGGG〉, 〈αsGGpi 〉2, 〈αsGGpi 〉〈q¯gsσGq〉
have the dimensions 6, 8, 9 respectively, but they are the vacuum expectations of the operators of
the order O(α3/2s ), O(α2s), O(α3/2s ) respectively, and discarded. We take the truncations n ≤ 10
and k ≤ 1 in a consistent way, the operators of the orders O(αks ) with k > 1 are discarded.
Furthermore, the values of the condensates 〈g3sGGG〉, 〈αsGGpi 〉2, 〈αsGGpi 〉〈q¯gsσGq〉 are very small,
and they can be neglected safely.
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